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We analyze an only recently identified Riemann autograph that had been in the possession of Georg
August Thieme (1831–1910). These are the notes which Bernhard Riemann (1826–1866) made during
his conversation with Thieme in order to explain the central points of his theory of functions of a
complex variable, in particular his version of the Dirichlet principle. C° 1999 Academic Press
Wir analysieren ein erst ku¨rzlich identifiziertes Riemann-Autograph aus dem Besitz von Georg
August Thieme (1831–1910). Es handelt sich um Notizen, mittels derer Bernhard Riemann (1826–
1866) im Gespra¨ch mit Thieme die zentralen Punkte seiner Theorie der Funktionen einer komplexen
Vera¨nderlichen erla¨utert hat, insbesondere seine Version des Dirichlet-Prinzips. C° 1999 Academic Press
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PRELUDE
In 1983, the first-named author bought a copy of the second printing (1867) of Bernhard
Riemann’s (1826–1866) famous Inauguraldissertation [24] from an antiquarian bookseller.
To his surprise, when that little booklet of 32 pages arrived, he found in it a handwritten
sheet of paper neatly attached to the book-cover under a strip of paper. The sheet is folded
in the middle, thus making four pages 34.3£ 21.3 cm (D 13.5£ 8.4 in.) in size. One corner
of about 10.5£ 7 cm (D 4.1£ 2.8 in.) is torn away from the last page but this apparently
involves no loss of text. Two pages are scribbled with mathematical formulas, one with
topological drawings, and the last page bears a brief note:
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Russian friends kindly explained that this note is written in the old Russian orthography
commonly used prior to the Bolshevik revolution and that the text translates as follows:
Sheet on which Riemann explained to me something from his theory of functions in the summer of the
year 1862.
G. A. Thieme
The same name, G. Thieme, is written in Latin letters on the first page of the aforemen-
tioned copy of Riemann’s thesis. All this aroused our curiosity since “Thieme” is quite a
frequent German name, but our Russian colleagues knew that Thieme had worked as an
academic teacher in St. Petersburg and that he had achieved quite a reputation because of
his pioneering lectures on the theory of functions.
WHO WAS G. A. THIEME?
With the help of Alexander Smirnov and Alexei B. Venkov, both of St. Petersburg, who
acquired the secondary sources [3; 31], and thanks to the translation by Mrs. Nina Riedel
of Mu¨nster, we can elaborate on the biographical information on Thieme given in [15, 243–
248].
Georg August Thieme (Georgiı˘ Avgustovich Time) (1831–1910) was born in Zlatoust
near Chelyabinsk in the southern Urals. His father August (Avgust Ivanovich) was a physi-
cian who had gone from Saxony in Germany to Russia and who later became supervisor of
the hospitals associated to industries in the Ural district. After receiving his early education
from his parents, Thieme studied at the Imperial Mining Institute in St. Petersburg from
1844 onwards. At that time this Institute belonged to a military academy. A large part of
the student’s time was spent on military instruction, and the principal interest of the In-
stitute was the training of mining specialists. Thieme, however, who had already received
some mathematical training from his father, was keenly interested in pure mathematics
even during his time as a cadet. For example, he invested some money donated to him by
relatives in the purchase of Legendre’s The´orie des fonctions elliptiques et des inte´grales
euleriennes.
Having finished his studies in 1851, Thieme started working at the shipyards in Votkinsk
(approximately midway between Perm and Kazan) and also took a study trip through the
mines of the Urals and the Altai. Shortly after this, he was sent by order of the Tsar on
a research journey to Germany and Belgium. An obligatory stopping-place during such a
trip for mining engineers was the famous mining school at Clausthal in the Harz Moun-
tains. From the biographical information in [3; 31], we conclude that Thieme took the
opportunity to make a detour of less than 50 km to Go¨ttingen, where he was lucky enough
to meet Riemann. Thieme held Riemann in the highest esteem during his lifetime, con-
sidering him to be the greatest mathematician of the second half of the 19th century and
feeling himself honored by the personal acquaintance of “so great a brilliant as Riemann
was” [3, 424].
After his return to Russia, Thieme went back to the Mining Institute at St. Petersburg in
1855, where he succeeded his academic teacher, Iosif Ivanovich Somov (1815–1876), in
the chair of mathematics. Thieme’s teaching duties also included theoretical physics and
mine surveying. In 1862, he also became professor of higher mathematics at the Naval
Academy in St. Petersburg. He held his teaching position at that institution until 1909 and
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remained at the Mining Institute until his death on February 25 (Julian calendar), 1910,
having trained over 2000 mining students there during a period of more than 55 years.
Today, one can find painted portraits of both G. A. Thieme and his younger brother, Ivan
Avgustovich (1838–1920), a renowned scientist of mine engineering, in the museum of the
Technical University at St. Petersburg.
Thieme’s main scientific contributions are his numerous articles and monographs on mine
surveying, but he was also greatly interested in the newly emerging theory of functions of one
complex variable. In the early 1860s, he translated Enrico Betti’s (1823–1892) Teorica delle
funzioni ellittiche into Russian. And in 1866, he was one of the very first academic teachers
in Russia to give public lectures on Riemann’s theory of functions. These were given at the
Naval Academy in St. Petersburg with Viktor Jakovlevich Bunjakovskiı˘ (1804–1889) and
Pafnuti Lvovich Chebyshev (1821–1894) present in the audience.
Because of his teaching duties and family background, however, Thieme could not
leave Russia for a longer period in order to study the new theory, say, at Paris, Berlin,
or Go¨ttingen. Notable exceptions to this overall situation were short visits to Go¨ttingen
and also, in the summer of 1863, to Berlin where he was a guest student at lectures
of Karl Weierstrass (1815–1897). Thieme also studied the research journals and pur-
chased several sets of notes from lectures of, in particular, Riemann and Weierstrass.
In fact, several letters of Thieme to people such as Richard Dedekind (1831–1916), Leo
Ko¨nigsberger (1837–1921), and Hermann Amandus Schwarz (1843–1921) survive in which
he promised to pay any reasonable sum for the copy requested—and he generously of-
fered to send in return copies of what he already had. (Felix Klein (1849–1925) regrets
in [11, 247] that mathematics would have taken a different route had it been generally
possible to obtain notes of Riemann’s lectures earlier.) Several sets of lecture notes in
mathematical archives all over the world still bear Thieme’s name and annotations in his
hand, thus forming a valuable mine of information. By way of example, two copies of
notes of Riemann’s lectures on function theory from Thieme’s estate are preserved in
the archives of the Staats- und Universita¨tsbibliothek Go¨ttingen [27; 28]. One of these
was copied for Thieme by the then student, Ernst Abbe (1840–1905), who received 30
Taler from Thieme for his copying and who later became world famous for his theoret-
ical and practical work in optics and for his partner- and leadership in the Zeiss-Werke
Jena. The first part of his copy is now publicly available in the edition by Neuenschwander
[16].
The sheet under consideration fits well into this overall picture, but one point is not
clear beyond doubt. The secondary sources [3; 31] indicate that Thieme’s visit to Go¨ttingen
took place before he received a teaching position at the Imperial Mining Institute in 1855.
Furthermore, it is reported that he got to know Riemann while the latter was still a “Pri-
vatdozent,” which was between Riemann’s “Habilitation” in the summer of 1854 and his
advancement to associate professor in November 1857. In July 1859, Riemann received the
most prestigious position as one of the successors of Carl Friedrich Gauss (1777–1855) and
Peter Gustav Lejeune Dirichlet (1805–1859) in Go¨ttingen.
All this obviously disagrees with the year “1862” appearing in the note quoted above. On
the other hand, we have definite confirmation of a visit Thieme made to Go¨ttingen in the
summer of 1862 from a remark in a letter he sent to Dedekind on March 30, 1878 (Staats-
und Universita¨tsbibliothek Go¨ttingen, Cod. Ms. R. Dedekind XIV:75, cf. also [15, 247]):
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Perhaps you will still remember me from the summer of 1862 when I stayed at Go¨ttingen in order to
request from Riemann some elucidations on his theory of Abelian functions. At that time I met you in
the Krone [von EnglandD an inn in Go¨ttingen] where we were both lodged, and the conversation turned
to the foundation of Dirichlet’s principle, which is fundamental to Riemannian theory and which I then
viewed as not entirely sound, a position that many have since accepted.
And in the draft of April 17, 1878 of Dedekind’s reply to “Herrn Staatsrath G. Thieme,
Professor am Kaiserlichen Berginstitut zu St. Petersburg” (D “Mr. Councillor of State
G. Thieme, Professor at the Imperial Mining Institute at St. Petersburg”) we obtain the
confirmation (Staats- und Universita¨tsbibliothek Go¨ttingen, Cod. Ms. R. Dedekind XIII:46,
cf. also [15, 247]):
I remember our meeting in Go¨ttingen very well and our conversations in the Krone about Riemann’s
articles; as far as I know the motive of your travel to Go¨ttingen was your desire to meet Riemann in
person, and your interest in his creative work seems to have remained the same...
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It is highly improbable that both Dedekind and Thieme were mistaken with respect to
the circumstances and the year of their meeting at Go¨ttingen. (Before his call to Zu¨rich in
1858, Dedekind was more or less permanently living in Go¨ttingen and therefore would not
have resided in an inn at that time. On the other hand, in 1862 he had left his professorship
in Zu¨rich and had taken up a new position in Braunschweig with Go¨ttingen lying en route.)
Although Dedekind’s reply seems to indicate that Thieme’s meeting with Riemann in the
summer of 1862 was the first one, we intend to resolve the apparent contradiction concerning
the date of Thieme’s visit to Go¨ttingen by assuming that he travelled there twice, once in
the mid-1850s and again in the summer of 1862. (In support of this assumption, Erwin
Neuenschwander has kindly informed us that, according to his records, in 1858 there had
already been contact between Thieme and Riemann.)
At any rate, the above quotations from the correspondence between Dedekind and Thieme
throw light on the origin of the sheet under discussion: It is the scratch paper on which
Riemann wrote the formulas and diagrams during his conversation with Thieme. One im-
portant point in the discussion was Riemann’s use of Dirichlet’s principle in his thesis and
in his work on Abelian functions.
WHAT DID RIEMANN EXPLAIN?
Page 1 contains some background material on sequences and series with special emphasis
on power series. (For technical reasons, pages 1 and 2 are reproduced in two parts, a and
b, respectively.) The first lines of p. 1a are a brief sketch on convergent series; this is
accompanied by some illustrative drawings. Below the dividing line, Riemann considers a
power series
u0 C u1z C u2z2 C u3z3 C ¢ ¢ ¢ :
The notation here agrees with that of Riemann’s lecture [16, 43; 29, 10] so the numbers
a0; a1; a2; a3; : : : have the same meaning as in [16; 29], i.e., an denotes the modulus of un
for n‚ 0. This fits nicely into the following line, where the Cauchy–Hadamard formula
appears in the form
n
p
an • ’(m); n ‚ m; ’(1)D R:
Of course, the notion of a lim sup was not yet introduced when Riemann wrote these
lines. Comparing the sheet with [16, 43–44] we understand that the last mentioned formula
contains a slip of the pen and should read ’(1) D R¡1: Then R really is the radius of
convergence of the power series, and the following estimate by means of the geometric
series is, in fact, just the usual argument establishing the existence of this radius (cf. [16,
44]). The diagram at the top of p. 1b may have served to explain the notion of a lim sup.
These lines of the manuscript clearly demonstrate that Riemann did not singlemindedly
adhere to geometric function theory. He was well acquainted with the approach via power
series usually attributed to Weierstrass, as has already been pointed out by Neuenschwander
[16, 10]. Laugwitz and Neuenschwander [12] had also already observed that Riemann had
prior knowledge of the Cauchy–Hadamard formula.
HMAT 26 RIEMANNIAN FUNCTION THEORY 273
274 ELSTRODT AND ULLRICH HMAT 26
PA
G
E
1
HMAT 26 RIEMANNIAN FUNCTION THEORY 275
The following lines on p. 1b look somewhat disconnected. The lower circle and the
geometric series expansion of 1=(1 C x2) indicate that Riemann may have spoken about
the convergence behavior of power series on the boundary of the circle of convergence.
In particular, he argued that to the divergent series 1¡ 1C 1¡ 1 : : : can be attached the
value 12 . The factorization of the denominator in the form (x C i)(x ¡ i) may have served
to explain the size of the radius of convergence. On the right, we find the partial sum
sn D a0C a1C ¢ ¢ ¢ C an and the symbols sn; snCm . This may indicate that Riemann talked
about Cauchy’s convergence criterion, which he was clearly familiar with, as can be seen
from the preceding lines containing the estimate by means of the geometric series. At the
very bottom of this page one finds de Moivre’s formula.
Page 2 of the sheet is the most interesting. The first lines of p. 2a contain Riemann’s
classical approach to function theory as embodied in the first sections of his thesis [24]
and in his paper [25] on Abelian functions. He only assumes that wD u C vi is a complex
differentiable function of the complex variable zD xC yi; “without assuming an expression
for w in terms of x and y,” as he points out in [25, 88]. First, he wrote the complex
differentiability of w in the form
@w
@y
D i @w
@x
;
and then, decomposing wD u C vi into its real and imaginary parts, he rewrote this as the
Cauchy–Riemann differential equations in the familiar version
@u
@y
D¡@v
@x
;
@u
@x
D @v
@y
:
As he pointed out in his thesis: “These conditions are necessary and sufficient forwD uCvi
to be a [complex differentiable] function of zD x C yi .” Then he stated that u and v are
harmonic, that is,
@2u
@x2
C @
2u
@y2
D 0; @
2v
@x2
C @
2v
@y2
D 0:
Riemann’s idea was to base his theory on these equations. In fact, it is sufficient to determine
u. Once u is known, v is fixed up to a constant and may be computed (at least locally) by
vD
Z µ
¡@u
@y
dx C @u
@x
dy
¶
:
Riemann wrote this formula down on p. 2b immediately above the dividing line. Its proof
is based on the Cauchy–Riemann equations, which are repeated for this purpose in the
preceding lines followed by the relevant formula for dv.
The remaining part of p. 2 concerned Riemann’s elucidations of his use of
Dirichlet’s principle. The attribution of this principle to Peter Gustav Lejeune Dirichlet
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(1805–1859) is due to Riemann [25, 97], although he also pointed out that this principle
had already been used similarly by Carl Friedrich Gauss (1777–1855) in his work of 1839
on forces proportional to the inverse square of the distance [5, Sect. 30–34]. Likewise, Sir
William Thomson (Lord Kelvin of Largs, 1824–1907) made use of this principle in 1847.
The latter work was also known to Riemann, but he named the principle after Dirichlet
“because Professor Dirichlet informed me that he had been using this method in his lectures
hsince the beginning of the 1840’s (if I’m not mistaken)i” (quoted following [15, 225]).
Fortunately, we know rather precisely what Dirichlet taught in these courses, since his later
Go¨ttingen lectures on forces acting proportionally to the inverse square of the distance
(winter semester 1856–1857) were published by F. Grube [2] in 1876 on the basis of the
latter’s lecture notes. In order to acquaint the reader with Dirichlet’s arguments, we make a
little excursion into this area.
INTERLUDE: DIRICHLET’S PRINCIPLE AS EXPLAINED BY DIRICHLET
The following passages are translated from [2, §32]. While we do not try to introduce
appropriate regularity conditions in this text, we will modernize the notation of the partial
derivatives. Note that when Dirichlet spoke of a minimum a modern reader occasionally
should think of a local minimum in the corresponding space of admissible functions.
Given any bounded domain in space, there always exists one and only one continuously differentiable
function u of x; y; z satisfying the differential equation
@2u
@x2
C @
2u
@y2
C @
2u
@z2
D 0
in the interior of this domain such that u assumes a given value at every point of the boundary [of the
domain in question].
The problem [now called Dirichlet’s problem] to determine this function u [explicitly] cannot be
solved; the point can only be to prove its existence. This offers no difficulty:
For any bounded connected domain T there are obviously infinitely many continuously differentiable
functions of x; y; z assuming a given value on the boundary. Among these functions there will be at
least one for which the following integral taken over T [nowadays called Dirichlet’s integral]
U D
Z µµ
@u
@x
¶2
C
µ
@u
@y
¶2
C
µ
@u
@z
¶2¶
dT
reduces to a minimum, since it is self-evident that this integral has a minimum because it cannot assume
a negative value. Now the following can be proved:
1. Any such function u which renders U minimal satisfies the differential equation
@2u
@x2
C @
2u
@y2
C @
2u
@z2
D 0 (1)
everywhere in T . This will already prove that there always exists a function with the required properties,
namely, just the function which renders U minimal.
2. Any function u satisfying the differential equation (1) [and the prescribed boundary conditions]
renders U minimal.
3. The integral U can only have one minimum.
The facts 2. and 3. will imply that there is only one function u of the required kind.
Let v be any of the functions u for which U is minimal. Any other function u will be of the form
uD vC hw;
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where h is an arbitrary constant and w denotes a continuously differentiable function on T which
vanishes on the boundary. Denoting the minimal value of the integral which is assumed if one puts u
equal to v by V and denoting the value for any other u D v C hw by U , we have...
U ¡ V D 2hM C h2 N ; (2)
where
M D
Z µ
@v
@x
@w
@x
C @v
@y
@w
@y
C @v
@z
@w
@z
¶
dT;
N D
Z µµ
@w
@x
¶2
C
µ
@w
@y
¶2
C
µ
@w
@z
¶2¶
dT :
Since V is a minimal value, the right-hand side of (2) is non-negative [if jhj is sufficiently small]. Hence
M necessarily must be equal to zero... Bearing in mind that w vanishes on the boundary we have by ...
[Green’s theorem]
M D ¡
Z µ
@2v
@x2
C @
2v
@y2
C @
2v
@z2
¶
w dT :
This will be equal to zero [for all admissiblew] only if @2v
@x2
C @2v
@y2 C @
2v
@z2
is equal to zero throughout T ...
This proves assertion 1.
Moreover, the statement 2. claiming that U is a minimum provided that the corresponding u satisfies
equation (1) [and the prescribed boundary conditions] is at once obvious. [In fact, in (2) replace the
function v by the given u and the function u by an arbitrary function v satisfying the boundary conditions,
and put w :D v¡ u. Then (1) implies M D 0 because of Green’s Theorem, and (2) yields the assertion.]
It remains to be proved that the integral has only one minimum. Assume that there exists besides v
another function vCw rendering the integral minimal. Then the value V 0 of the integral for vCw will
be no larger than the value U for vC hw if h is sufficiently close to 1. Since M D 0, we have by (2)
U D V C h2 N ;
and hence putting hD 1,
V 0 D V C N :
This implies V C N • V C h2 N or
N • h2 N
[for all h sufficiently close to 1]. Choosing h slightly less than 1, this condition yields N D 0. But this
implies that everywhere inside T
@w
@x
D 0; @w
@y
D 0; @w
@z
D 0;
that is, wD const. Since w vanishes on the boundary, this constant must be equal to zero.
The history of Dirichlet’s problem is briefly discussed by Ga˚rding [4]; a fuller account
is given by Monna [13]; cf. also the articles by Petrova [19; 20].
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WHAT DID RIEMANN EXPLAIN? (CONTINUED)
At the top of p. 2b we find Dirichlet’s integral
˜fi D
Z Z µµ
@fi
@x
¶2
C
µ
@fi
@y
¶2¶
@x @y;
where fi D u C –u. We understand that u here means a function with prescribed boundary
behavior rendering the Dirichlet integral minimal, whereas –u is an arbitrary function on
the (bounded) domain under consideration such that –u vanishes on the boundary. (It goes
without saying that Riemann tacitly assumed all functions and all boundaries under consid-
eration to be sufficiently smooth.) Then by Dirichlet’s argument (for two instead of three
variables)
Z Z µ
@2u
@x2
C @
2u
@y2
¶
–u @x @yD 0; (3)
for all admissible –u (see the line at the bottom of p. 2a), and hence u is harmonic in the
domain under consideration:
@2u
@x2
C @
2u
@y2
D 0
(see the line at the top of p. 2b). It may be that Thieme asked for a proof of (3). In any case
Riemann started anew with a parameter h and wrote
fiD uC h¾;
where ¾ obviously means an arbitrary (sufficiently smooth) function vanishing on the
boundary. Then (compare (2)) Riemann writes
˜uCh¾ D˜u C 2h
Z Z µ
@¾
@x
@u
@x
C @¾
@y
@u
@y
¶
@x @yC h2˜¾ ;
and Dirichlet’s argument implies the vanishing of the second term on the right-hand side.
Hence Riemann concluded that
˜uCh¾ D˜u Ch2˜¾ :
Then he proved the uniqueness of the minimizing function. If there exists another minimiz-
ing function fi besides u, he wrote fi in the form (see the fifth line of p. 2b)
fiD uC ¾;
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and he concluded precisely in the manner explained above (cf. [25, 96], also [29, 31–32])
that ˜¾ D0; i.e. (see the sheet!),Z Z µµ
@¾
@x
¶2
C
µ
@¾
@y
¶2¶
@x @yD 0:
From here on he concluded in [25, 98] (cf. also [29, 32], no notes on the sheet) that ¾
is constant throughout the domain in question and hence equal to zero everywhere since
¾ vanishes on the boundary. This seems to finish Riemann’s explanations of Dirichlet’s
arguments, and Riemann drew a dividing line.
Before we try to explain the formulas below the dividing line on p. 2b, we point out
that Riemann used Dirichlet’s ideas in a most liberal way. He applied them not only to
plane domains but also to quite arbitrary domains on Riemann surfaces. And he did not
restrict to sufficiently smooth functions, but admitted singularities, in particular logarithmic
singularities. Combining both these ideas, he proved his marvellous existence theorems for
functions and differentials on Riemann surfaces. The formulas below the dividing line
belong to this circle of ideas (cf. [24, Art. 16 ff.; 25, 97–100; 29, 32–33]). Riemann’s
clever idea was to modify Dirichlet’s integral and consider (see the lower right corner of
p. 2b) Z Z µµ
@fi
@x
¡ @fl
@y
¶2
C
µ
@fi
@y
C @fl
@x
¶2¶
@x @y;
“where the functions... may have arbitrary discontinuities as long as the integral remains
finite” [25, 97]. Leaving fl fixed, Riemann said in [25, 98] that among all functions fi having
prescribed boundary values there will be one function u, say, such that (see directly below
the dividing line on p. 2b)Z Z µµ
@u
@x
¡ @fl
@y
¶2
C
µ
@u
@y
C @fl
@x
¶2¶
@x @y
is minimal. If this u is altered by a function –u which vanishes on the boundary, Dirichlet’s
argument at (2) yieldsZ Z µµ
@u
@x
¡ @fl
@y
¶
@(–u)
@x
C
µ
@u
@y
C @fl
@x
¶
@(–u)
@y
¶
@x @yD 0:
This formula seems to be indicated (without the integration signs) in the lower left corner
of p. 2b (cf. [25, 99]). The last equation yields upon partial integration
¡
Z Z
–u
µµ
@2u
@x2
¡ @
2fl
@x@y
¶
C
µ
@2u
@y2
C @
2fl
@x@y
¶¶
@x @yD 0
since –u vanishes on the boundary. This equation seems to be intended in the lower left
corner. Since the last equation again holds for all admissible –u, we obtain another equation
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which shows up on the sheet, namely,
@
‡
@u
@x
¡ @fl
@y
·
@x
C
@
‡
@u
@y C @fl@x
·
@y
D 0:
This simply means that u is harmonic. Moreover, by Green’s theorem, the last equation
yields that the integral (cf. [25, 99])Z µµ
@fl
@x
C @u
@y
¶
dx C
µ
@fl
@y
¡ @u
@x
¶
dy
¶
extended over a closed nullhomotopic contour vanishes. Decomposing the underlying do-
main T by suitable cuts into a simply connected one, T 0 say, Riemann then defined the
function ” of x; y by
”D
Z µµ
@fl
@x
C @u
@y
¶
dx C
µ
@fl
@y
¡ @u
@x
¶
dy
¶
;
where the integral extends over an arbitrary path in T 0 connecting a fixed initial point
with (x; y). This formula appears scrawled in the middle of the penultimate line. Thus, the
function vDfl ¡ ” satisfies the Cauchy–Riemann equations
@v
@x
D¡@u
@y
;
@v
@y
D @u
@x
;
hence u C vi is a complex differentiable function. Summing up, we finally obtain the
following result given by Riemann in [24, Art. 18] and in [25, 99–100] (cf. also [29,
32–33]).
THEOREM. Let the surface T be decomposed by cross-sections into a simply connected
surface T 0 and let a complex-valued function fiC ifl be given on T such that the integral
extended over T , Z Z µµ
@fi
@x
¡ @fl
@y
¶2
C
µ
@fi
@y
C @fl
@x
¶2¶
dx dy;
is finite. Then there exists a unique function„C i” such that (fiC ifl)¡ („C i”) is complex
differentiable and such that the following conditions are satisfied:
(1) „ vanishes on the boundary and the value of ” at one arbitrary point is prescribed.
(2) The discontinuities of „ on T and of ” on T 0 occur only at single points and only in
such a way thatZ Z µµ
@„
@x
¶2
C
µ
@„
@y
¶2¶
dx dy;
Z Z µµ
@”
@x
¶2
C
µ
@”
@y
¶2¶
dx dy
are finite. The jumps of ” are constant along the cuts.
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The latter conclusions are missing on the sheet but most probably were drawn orally.
Riemann named the above theorem Dirichlet’s principle (cf., e.g., [25, 103, 105]). This name
is now frequently used in the narrower meaning that the function minimizing Dirichlet’s
integral under the relevant boundary conditions just constitutes the solution of Dirichlet’s
problem (cf. [7; 8]). As Riemann pointed out in his thesis [24, Art. 19], the above theorem
“opens the way to investigate certain functions of a complex variable independently of an
[analytic] expression of them.”
It is not quite self-evident what the remaining scribblings on p. 2b mean, but we offer
the following interpretation, which is suggested by Art. 21 of Riemann’s thesis, where he
asserted and proved his grand mapping theorem. Furthermore, also in his lecture course of
1861–1862, he gave this theorem as an immediate application of the above considerations
(cf. [29, 26], also [16, 79–80]). Roughly Riemann states the theorem as follows: Any simply
connected plane surface T admits a unique conformal mapping to the unit disk such that
the center of the unit disk corresponds to an arbitrarily prescribed interior point of T and
a given point on the circumference of the unit disk to an arbitrarily prescribed point on the
boundary of T . Of course, he disregarded the case where T is conformally equivalent to the
complex plane (or to the Riemann sphere).
Let us assume for simplicity that T is just a simply connected bounded domain in the
complex plane. Then Riemann’s argument was roughly this: Let a be the prescribed point
in the interior of T . Mark a small disk around a in T and choose a crosscut l from a to
the boundary of T ; compare Riemann’s sketch on p. 2b below the dividing line. Then the
function log(z¡ a) is complex differentiable in the region with the cut l removed. Now
choose fiC ifl as follows. Inside the small disk, set fiC ifl D log(z ¡ a); cf. the end of the
penultimate line on p. 2b. Moreover, choose fi such that fi is equal to zero on the boundary
of T and choose fl such that fl is continuous up to a jump of size ¡2… “on any crossing
from the negative side of l to the positive side.” Then we have inside the small disk
@fi
@x
D @fl
@y
;
@fi
@y
D¡@fl
@x
(formulas on the right-hand side below the dividing line on p. 2b). Hence the integral (cf.
the lower right corner of p. 2b)
Z Z µµ
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extended over the small disk will be equal to zero, whereas this integral extended over the
rest of T will be finite. Applying Riemann’s theorem stated above, one obtains a complex
differentiable function f (z)D uC vi (cf. the line above the dividing line) on the slit domain
T such that u, the so-called Green’s function of T , vanishes on the boundary of T and has a
logarithmic singularity at a (see the last line of p. 2b). Moreover, f differs on the two sides
of l by 2… i . Hence euCvi (see again the line above the dividing line) is single-valued on T ,
maps a to zero and maps the boundary of T to the unit circle. Changing v by a suitable real
constant, the prescribed point on the boundary of T corresponds to the given point on the
circumference of the unit disk. Analyzing the mapping behavior of f , Riemann concluded
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that euCvi is the mapping function sought. The arguments necessary here are given in the
notes of Riemann’s lectures edited by Friedrich Prym (1841–1915) [29, pp. 35–36]; for a
detailed account, see the last sections of the classic [9] by Oliver Dimon Kellogg (1878–
1932), who was a student of Hilbert. (No word is said on the uniqueness proof in Riemann’s
thesis.)
The upper part of p. 3 of the sheet contains several sketches whose mathematical contents
are hard to decrypt. (The lower part is essentially empty and not reproduced here.) Maybe
the diagram in the upper left corner visualizes Riemann’s mapping theorem. On the other
hand, the course of Riemann’s lectures during the academic year before Thieme’s visit, as
it is presented in [29, esp. 30 ff.] (cf. also [16, 79–80]), makes it plausible that the diagram
on the right-hand side of the upper half of p. 3 was used to explain Riemann’s procedure of
decomposing branched (Riemann) surfaces by means of cross-cuts into simply connected
ones. Furthermore, the last drawing on p. 3 seems to illustrate the notion of winding number.
But these interpretations remain speculative.
Unfortunately, the sheet does not reflect Thieme’s contributions during the discussion.
Probably, Thieme just asked for elucidations on Riemann’s paper [25]; this is what he
mentioned in his letter to Dedekind. In particular, it remains unclear whether or not Thieme
uttered his doubts on the reliability of Dirichlet’s principle to Riemann. In his letter to
Dedekind, he only mentioned his conversation with the latter on these matters.
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AFTERMATH: DOUBTS ABOUT THE VALIDITY OF DIRICHLET’S PRINCIPLE
Obviously, the naive use of Dirichlet’s principle is open to serious criticism. Even taking
for granted that Dirichlet’s integral has a nonnegative infimum, it is by no means evident
that there exists a function satisfying the prescribed boundary conditions for which the
infimum value is actually attained. This subtle distinction between the notions of infimum
and minimum was simply not taken into consideration by Riemann and the early users of
the principle. For a present-day mathematician, it must appear strange that it took so long
to realize this fact, but for this point the critical revision of the foundations of analysis in
the second half of the 19th century was a necessary prelude.
The earliest printed doubts concerning Dirichlet’s principle were expressed in 1869 in an
article by H. A. Schwarz [30, 120, resp. 82–83]. Commenting on Riemann’s proof of his
mapping theorem by means of Dirichlet’s principle, Schwarz wrote:
Since well-founded objections concerning the rigour and admissability of this reasoning in an existence
proof have been made, it was desirable to have a method of proof independent of the doubts raised by
Dirichlet’s principle.
The following year, on July 14, 1870, K. Weierstrass gave rise to a critical reevaluation of
the principle when he read a paper to the Berlin Academy of Sciences in which he declared
[32, p. 49]:
Concerning the admissability of this “principle” some doubts ... have been expressed which are well-
founded, as I shall show in the following.
And, in fact, he constructed a variational problem where the minimum is not attained.
(This note, however, was published only as late as 1895, namely, in the second volume of
Weierstrass’s collected works. Albert Wangerin (1844–1933), for example, wrote in 1889
in his annotations to the edition of [5] for “Ostwald’s Klassiker” that Weierstrass—and
Kronecker (cf. below)—had published nothing concerning the criticism of the Dirichlet
principle [5, p. 58].)
The first published counterexample to the Dirichlet principle (as formulated, e.g., in
Grube’s text [2]) can be found in an article by Prym, dated 1871 [22, 361–364]. He gave
a continuous function on the boundary of the unit disk such that the Dirichlet integral for
the associated harmonic solution to the Dirichlet problem is infinite; for details cf. also
[23].
Doubts about the validity of the principle were already circulating somewhat earlier, as
can be inferred from a paper of Eduard Heine (1821–1881) of February 1870 [6, 360]:
Some details in the proof of Dirichlet’s principle have not yet been proved with the utmost rigor that
would be desirable for such an important theorem. As everybody knows, some time has passed since
Messrs. Kronecker and Weierstrass expressed their objections to the assumption that a minimum must
exist as well as to the application of the calculus of variations.
There exist more recently discovered sources containing even earlier written doubts about
the validity of Dirichlet’s principle. Neuenschwander [14, 26, 74f.] published notes taken
by Felice Casorati (1835–1890) on a discussion with Leopold Kronecker (1823–1891) from
October 15, 1864 which contain criticism of the principle. And Neuenschwander [15, 247]
also published Thieme’s letter to Dedekind quoted above which informs us that Thieme
expressed his doubts as early as 1862.
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Klein recounted an interesting conversation he had with Weierstrass (cf. [10, 492, footnote
8; 11, 264]). Weierstrass told him about a discussion he had with Riemann and reported that
Riemann did not attach great importance to the proofs of his existence theorems by means
of Dirichlet’s principle. Therefore Weierstrass’s criticism did not really impress Riemann,
who claimed that his existence theorems were correct in spite of this. It is known that this
meeting of Riemann and Weierstrass took place in 1859. This agrees with some indications
in the Encyklopa¨die article [1, 494, footnote 157] by Heinrich Burkhardt (1861–1914) and
W. Franz Meyer (1856–1934), according to which the Weierstrassian objections date back
to the late 1850s.
It should, however, be stressed that the objections concentrated on the validity of Dirich-
let’s principle and not on the function-theoretic conclusions Riemann had drawn from it.
In fact, Schwarz [30] and Neumann (1832–1925) [17; 18] succeeded in proving many
of Riemann’s results, including the solvability of Dirichlet’s problem, under simplifying
assumptions. Klein tried to corroborate Riemann’s results by appealing to physical intu-
ition, which may also have played a role when Riemann himself came upon his theorems.
And Henri Poincare´ (1854–1912) proved the solvability of Dirichlet’s problem under fairly
general conditions [21]. It must have come as a great relief to many when Hilbert [7; 8]
finally proved a precise version of Dirichlet’s principle which is sufficiently general to allow
for the usual function-theoretic applications. These were finally given by Hermann Weyl
(1885–1955) in his grand classic [33].
CONCLUSION
Bearing in mind the excerpt of Thieme’s letter to Dedekind, we can conclude that as
early as 1862, Thieme doubted the soundness of Dirichlet’s principle. To the best of our
knowledge, this is the earliest criticism of the principle that can be demonstrated on the
basis of a written document from the person involved. That Thieme came to such doubts
all on his own, without any hints, for example, from Weierstrass, whom he would not meet
until 1863, is impressive, as is the fact that this criticism was uttered not by a theoretically
oriented pure mathematician from one of the leading mathematical research centres in the
world but by an applied mathematician, physicist, and mine surveyor from far-away St.
Petersburg.
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